Background
==========

McLachlan et al. \[[@B1]\] introduced a mixture analysis approach to the clustering of microarray expression data, in particular, of tissue samples on a very large number of genes. Maclean et al. \[[@B2]\] developed the SKUMIX algorithm, which can test whether a mixture model fits the genetic data with skewness removed by Box-Cox transformation \[[@B3]\], and then used a likelihood-ratio test (LRT) statistic to determine whether the two-component model appears to fit the data better than the single-component model. Given the high degree of correlation among the gene expression variables, Simon\'s work \[[@B4]\] suggests that one use first- and second-order partial correlation coefficients to find trios and quartets of genes that have high degrees of \"explanation.\" Here we focus on trios and quartets comprising only non-sex-linked genes that appear to follow a mixture distribution to explore the associations of these mixing mechanisms. For example, if there is one common mixture mechanism governing all of the genes in a set, then the fraction of subjects simultaneously falling in the same mixing component of these genes would be high. We then use varimax factor anlaysis \[[@B5],[@B6]\] to see whether we can identify more than four genes operating under a common mixing mechanism. One confirmation that the common mixture mechanism has biological importance would be to identify genetic relationships between a subject\'s single-nucleotide polymorphism (SNP) genotypes and expression phenotypes. Bayesian factor screening (BFS) \[[@B7]\] is one statistical strategy proposed to identify these relations. In this paper, the mixture model-based approach with extended SKUMIX algorithm, partial correlation analysis, factor analysis, and BFS are systematically combined to analyze the Problem 1 data set in Genetic Analysis Workshop 15 (GAW15) \[[@B8],[@B9]\].

Methods
=======

Box-Cox family of transformations
---------------------------------

Given the expression intensities *x*~1,\ *j*~, *x*~2,\ *j*~,\..., *x*~*n*,\ *j*~(n = 194) for the *j*^th^(*j*= 1, 2,\..., 3554) gene, the Box-Cox family \[[@B3]\] transforming *x*~*j*~= (*x*~1,\ *j*~, *x*~2,\ *j*~,\..., *x*~*n*,\ *j*~) to $x_{j}^{(p_{j})} = (x_{1,j}^{(p_{j})},x_{2,j}^{(p_{j})},...,x_{n,j}^{(p_{j})})$ with power parameter *p*~*j*~is:

$$x_{j}^{(p_{j})} = \begin{cases}
{(x_{j}^{p_{j}} - 1)/p_{j},} & {p_{j} \neq 0} \\
{ln(x_{j}),} & {p_{j} = 0} \\
\end{cases}.$$

The expression intensities transformed here are the original observations rather than the log~2~values reported in the data set. The 0.3-power transformation is the transformation that maximizes the probability plot correlation coefficient (PPC, see Filliben \[[@B10]\]) for the greatest number of genes.

Mixture analysis using Gaussian mixture model
---------------------------------------------

The SKUMIX algorithm is extended in our mixture analysis. First, we applied the Box-Cox family of power transformations without the scale parameter (see Eq. (1)). Second, we considered a wider interval \[0, 1.5\] than the one recommended by Maclean et al. \[[@B2]\] for selecting the optimal power parameter. Third, as suggested by Ning et al. \[[@B11]\], we used 6.9 as the 0.05 critical value for LRT of \"a single component distribution\" vs. \"a mixture distribution of two components.\"

Partial correlation analysis
----------------------------

We calculate the Pearson product moment correlation coefficients *r*~*ij*~= *r*(*x*~*i*~, *x*~*j*~), first-order partial correlations *r*~*ij*.*k*~= *r*(*x*~*i*~, *x*~*j*~\|*x*~*k*~) and second-order partial correlation coefficients *r*~*ij*.*kl*~= *r*(*x*~*i*~, *x*~*j*~\|*x*~*k*~, *x*~*l*~) \[[@B12]\] for expression phenotype variables whose values are the 0.3-power Box-Cox transformed expressions. The partial correlation criteria are:

$$\left. T: \middle| r(x_{i},x_{j}) \middle| > 0.8\ and\ r_{ij}^{2} - r_{ij.k}^{2} > 0.63\ for\ i \neq j \neq k \right.$$

$$\left. Q: \middle| r_{ij} \middle| > 0.8,\ r_{ij}^{2} - r_{ij.kl}^{2} > 0.63,\ r_{ij}^{2} - r_{ij.k}^{2} < 0.63,\ and\ r_{ij}^{2} - r_{ij.l}^{2} < 0.63\ for\ i \neq j \neq k \neq l. \right.$$

The last two inequalities in criterion Q reduce redundancy by removing quartets built on trios. We identify trios of expression phenotype variables (*x*~*i*~, *x*~*j*~, *x*~*k*~) that meet criterion T and quartets (*x*~*i*~, *x*~*j*~, *x*~*k*~, *x*~*l*~) that meet criterion Q.

Measure of common mixing mechanism
----------------------------------

When a gene expression variable appeared to be a mixture, we fit a mixture of two Gaussian components with equal variance using MCLUST \[[@B13]\] and classified each subject into the component with the largest Bayesian posterior probability \[[@B14]\]. We called the component with estimated probability less than 0.5 the \"uncommon component\" and the other one the \"common component.\" The *concordance rate*(*C*) in a gene set is the ratio of subjects that simultaneously fall into the uncommon or the common components for all the genes in the set. A value of *C*close to 1 suggests a common mixture mechanism. We selected genes in a trio or quartet with *C*≥ 80% for the factor analysis. Fleiss\' statistic *κ*\[[@B15]\] was used to assess agreement. A value of *κ*\> 0.75 indicated excellent agreement, while *κ*\< 0.40 indicated poor agreement \[[@B16]\].

Factor analysis
---------------

Each gene expression variable that appeared to be a mixture and was present in one or more trios or quartets was included in a factor analysis using varimax rotation.

Bayesian factor screening
-------------------------

We used BFS \[[@B7],[@B17]\] to identify SNPs significantly associated with expressions of the genes from the factor analysis. We only considered the regression model with second-order interactions:

$$y = \alpha + {\sum_{j = 1}^{S}{\beta_{j}x_{j}}} + {\sum_{i < j}{\beta_{ij}x_{i}x_{j}}} + \varepsilon,$$

where the values of *x*~1~, *x*~2~,\..., *x*~*S*~are recoded genotypes (1 for minor homozygotes, 2 for heterozygotes, 3 for major homozygotes, and -2 for missing data) of *S*(2682) consistent and informative SNPs that may have linear main effects and/or interaction effects on the gene expression variable *γ*. Let *γ*be the indicator vector such that *γ*~*j*~= 0 if *β*~*j*~= 0 and *β*~*ij*~= 0 for all *i*≠ *j*, and *γ*~*j*~= 1 if otherwise. Then a model (or an element) in the model space can be represented by a binary vector *γ*= (*γ*~1~, *γ*~2~,\..., *γ*~*S*~) that ranges from *γ*^(1)^= (0, 0,\..., 0) to $\gamma^{(2^{\text{S}})}$ = (1, 1,\..., 1), with the model size defined as $m = {\sum_{j = 1}^{S}\gamma_{j}} \in \lbrack 0,S\rbrack$. In our study, we set the model size *m*= 6, the chain length *CL*= 200,000, and the magnitude of the effect relative to the experimental noise *λ*= 1.5. We use the Java program developed by Yoon \[[@B17]\] to find the optimal model from the model subspace consisting of $C_{6}^{2,682}$ = 5.14 × 10^17^elements. The output gives an estimate of each SNP\'s marginal posterior probability (MPP) of appearing in the 200,000 selected models. An MPP close to 1 suggests that the SNP is an important factor (either as a main effect or as one of two terms in an interaction) for the gene expression variable.

Results
=======

Of the 3554 gene expressions analyzed, 2561 appear to follow a normal distribution. After a Box-Cox transformation to maximize the PPC, 659 give evidence of being a mixture with two components, and 334 appear to have three components. Figure [1](#F1){ref-type="fig"} contains the histogram of the 0.3-power Box-Cox transformed expressions of TUBG1 that appears to follow a mixture of two components. The left component is the uncommon one, with estimated proportion 15.7% and estimated mean of 19.9. The right component is the common one, with estimated proportion 84.3% and estimated mean of 26.1.

![Histogram of the 0.3-power Box-Cox transformed *TUBG1*.](1753-6561-1-S1-S50-1){#F1}

We find 233 trios containing 54 genes that meet criterion T, and 115,840 quartets containing 3554 genes that meet criterion Q. Of the 233 trios, 88 include only mixture distributions (involving a total of 29 genes). Of the 115,840 quartets, 7342 include only mixture distributions (involving a total of 902 genes). A number of trios and quartets contain only sex-linked genes. When we exclude these sex-linked gene sets, there are 18 trios and 35 quartets with a value of *C*≥ 80%. These trios and quartets contain 33 non-sex-linked genes in total.

One example is the quartet containing HNRPAB, PSMD2, TUBG1, and AHSA1. Each of these genes appears to be a mixture with very small *p*-value; Figure [1](#F1){ref-type="fig"} is the histogram of the 0.3-power transformed expressions of TUBG1. The correlation between PSMD2 and HNRPAB (using the 0.3-power transformed expressions) is 0.825, and the partial correlation between PSMD2 and HNRPAB controlling for TUBG1 and AHSA1 is 0.094. Table [1](#T1){ref-type="table"} is the four-way contingency table in which each subject is classified by the Bayesian posterior probability into the common or uncommon component. The *C*value for this set of genes is 83.50%. Specifically, 136 of 194 subjects are simultaneously common and 26 are simultaneously uncommon in these four genes so that 162 of 194 subjects (that is, 83.50%) are concordant. There are, respectively, 14 (1+6+7) and 9 (6+3) additional subjects that fall into the common and uncommon components of three genes out of the four, suggesting a larger concordance rate for smaller gene sets.

###### 

Contingency table for *TUBG1*, *AHSA1*, *PSMD2*, and *HNRPAB*

  Subjects Classified into Common or Uncommon Components                                                       
  -------------------------------------------------------- ---------- ----------- -------- ---------- -------- ----------
  *TUBG1*↓                                                 *AHSA1*↓   *PSMD2*→    Common   Uncommon            
                                                                                                               
                                                                      *HNRPAB*→   Common   Uncommon   Common   Uncommon
                                                                                                               
  Common                                                   Common                 136      6          7        4
                                                           Uncommon               1        3          2        6
                                                                                                               
  Uncommon                                                 Common                 0        0          0        3
                                                           Uncommon               0        0          0        26

A factor analysis on the 0.3-power transformed gene expression levels of the 33 non-sex-linked genes identifies three factor groups. As listed in Table [2](#T2){ref-type="table"}, Factor 1 appears to consist of 18 genes, Factor 2 appears to consist of 8 genes, and Factor 3 appears to consist of 7 genes. A trio with a high value of *C*contains genes from Factor 2 or from Factor 3. A quartet with a high value of *C*contained all genes either from Factor 1 or from Factor 3.

###### 

Concordance rate (*C*) for sets of genes selected from factors

       Factor 1       Factor 2   Factor 3                                                           
  ---- -------------- ---------- ---------- -------------- ------- -------- --------------- ------- --------
  1    AHSA1, ELAC2   94.85      0.8257     RPL32, RPS18   92.78   0.8278   PRKAR1A, ST13   93.30   0.8609
  2    CCT3           90.72      0.7773     RPS15          87.63   0.8104   MATR3           86.08   0.8117
  3    TUBG1          88.66      0.7663     RPS28          81.96   0.7701   PPM1B           80.93   0.7934
  4    TACC3          85.57      0.7555     RPS10^a^       76.29   0.7081   PDCD10          77.84   0.7825
  5    NDUFS6         82.99      0.7495     RPS19          72.68   0.6677   SF3B1           73.71   0.7684
  6    CDC45L         80.41      0.7273     B2M            68.56   0.6340   G3BP2           69.59   0.7521
  7    DHX9           77.84      0.7216     RPS10^b^       64.43   0.5578   NA              NA      NA
  8    FEN1           75.26      0.7096     PABPC1         60.82   0.5510   NA              NA      NA
  9    HNRPAB         73.71      0.7070     NA             NA      NA       NA              NA      NA
  10   PSMD2          72.16      0.7034     NA             NA      NA       NA              NA      NA
  11   CSE1L          70.10      0.6931     NA             NA      NA       NA              NA      NA
  12   C20orf24       67.53      0.6800     NA             NA      NA       NA              NA      NA
  13   JTV1           65.46      0.6755     NA             NA      NA       NA              NA      NA
  14   LANCL2         63.92      0.6662     NA             NA      NA       NA              NA      NA
  15   TSTA3          62.37      0.6572     NA             NA      NA       NA              NA      NA
  16   CCT7           59.79      0.6514     NA             NA      NA       NA              NA      NA
  17   SOD1           56.70      0.6440     NA             NA      NA       NA              NA      NA

^a^Measured on probe set 200095_x\_at

^b^Measured on probe set 200817_x\_at

We then examined whether the genes in each factor group follow a common mixture mechanism. In each factor group, we started with the pair of genes that have the highest *C*value and added the gene from the factor group that least reduces *C*. For example, the first two genes *A*~1~= {AHSA1, ELAC2} have the largest *C*= 94.85%, with *κ*= 0.8257. The gene *CCT3*had the least reduction in *C*value of the 16 genes remaining in Factor 1. We include genes from Factor 1 sequentially until we got the final gene group *A*~17~= *A*~16~∪ {SOD1} with *C*= 56.70% and *κ*= 0.6440. For this factor group, the reduction in *C*value with adding one gene to the set ranges from 1% to 3%. Similar results hold for Factor groups 2 and 3.

We extended the mixture analysis with BFS applied to the five most concordant genes in Group 1 (*AHSA*1, *ELAC*2, *CCT*3, *TUBG1*, and *TACC*3, with *C*\> 85% and *κ*\> 0.75). For each of these genes, BFS identifies six SNPs that have very large MPPs, as shown in Table [3](#T3){ref-type="table"}.

###### 

Marginal posterior probabilities (MPPs) of six SNPs associated with *AHSA1*, *ELAC2*, *CCT3*, *TUBG1*, and *TACC3*

  SNP/Location       *AHSA1*   *ELAC2*   *CCT3*^a^   *TUBG1*   *TACC3*
  ------------------ --------- --------- ----------- --------- ---------
  rs1438676/chr 5    0.9976    0.9976    0.3024      0.5618    0.9976
  rs1560143/chr 5    0.9976    0.9976    0.3024      0.5618    0.9976
  rs1453389/chr 11   0.9976    0.9976    0.3024      0.5618    0.9976
  rs1945465/chr 11   0.9976    0.9976    0.3024      0.5618    0.9976
  rs1993205/chr 11   0.9976    0.9976    0.3024      0.5618    0.9976
  rs2043041/chr 18   0.9992    0.9992    0.9992      0.5633    0.9992

^a^There are five SNPs not reported here with MPP between 0.3024 and 0.9992. These five SNPs do not have MPPs higher than the ones reported for genes *AHSA1*, *ELAC2*, *TUBG1*, and *TACC3*.

Conclusion
==========

About 28% of genes from GAW15 Problem 1 appear to follow a two- or threecomponent mixture distribution. Important structural relations seem to be partially disentangled using first- and second-order partial correlation matrices. These partial correlation coefficients can be effectively used to identify trios and quartets of genes that have a more complex structure. There are 18 trios and 35 quartets in which the genes are all non-sex-linked but follow a common mixture distribution with *C*≥ 80%. That is, the underlying mixture mechanisms of these genes appear to be highly associated. This pattern of association appears to involve a large number of genes. A computational strategy using the varimax rotation in a factor analysis finds a group of 18 genes with *C*= 56.7%, another group of 9 genes with *C*= 60.8%, and a third group of 7 genes with *C*= 69.6%. The R package MIXMECH that has been developed here for the mixture analysis of microarray expression data is freely available at the websites <http://www.ams.sunysb.edu/~yayang> and <http://www.sinc.sunysb.edu/Stu/atashman>.

The significance of these findings is not immediately clear. For example, one possible source of a mixture mechanism that is not substantively interesting is the non-homogenous measurement process of the gene expressions. The data used here are from 14 pedigrees rather than from a random sample of cases or controls. Therefore, we do not know the magnitude of the effect of dependence among subjects generated by the family structure. In results not shown here, however, we obtained results parallel to these when we restricted our analysis to the 56 unrelated founders, suggesting that the effect of the intra-familial dependence is minor. As always, replication of these results on an independent data set is a crucial step to confirm the scientific value of this approach and our findings.

Nevertheless, the high concordance rates and high Fleiss *κ*coefficients suggest that there may be a common mechanism determining which component a subject falls into. More importantly, the BFS result showing a strong association between the five most concordant genes in Group 1 with the six SNPs strongly suggests that there is an underlying biological mechanism.
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